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We p resen t  a var ia t ional  method for solving a p rob lem concerning the t e m p e r a t u r e  field dis-  
tr ibution inside a two-dimensional  a x i a l l y - s y m m e t r i c  region assuming  convective heat  t r a n s -  
fe r  on its boundary.  

Consider the hea t  conduction equation 

I O ( O T )  1 O~T q~ r -~ (1) 
r Or , T r 2 Ocp 2 

for an infinite homogeneous rod  with a uniform distr ibution of heat  sources ,  on whose surface  there is given 
the condition 

a 

V, T -}- :-~-- TIr  = 0., (2) 

Putting u ( r ,  q~) = T ( r ,  ~v)/T*, we r ep resen t  an approximate solution of Eq. (1) in the form 

u (r, r ~_ ~ chu ~ (r, @. (3) 

Using the var ia t ional  pr inciple  due to Ritz,  we obtain the following l inear  sy s t em [1] for determining 
the coefficients Ck: 

s  Bj, ] =  1, 2, . n. (4) q, 

k = l  

Here 

0 0 

Wjh = Our Ou h -~ I Ou r Ouh 

Or Or r ~ O~ O~ 

B,= .I J' . ,(r,  ,p)rd,, 
0 0 

(5) 

(6) 

(7) 

where  rg  r = f(~0) is the eauation of the contour F. 

To solve the p rob lem stated above with a d i rec t  use of the boundary condition (2) is r a the r  involved 
since the choice of the sys t em of t r ia l  functions is in this case conjugate to an a r b i t r a r y  combination of 
f i r s t  in tegrals  of the par t ia l  different ial  equation corresponding to the given boundary conditions, these 
in tegrals ,  m o r e o v e r ,  being of a fa i r ly  complicated fo rm [1]. There fo re ,  we se lec t  the se t  of t r ia l  func- 
tions {Uk} to sat isfy,  not the boundary condition (2), but a boundary condition of the f i r s t  kind 

u ir = o (q0 (s) 

where the unknown function 0(~p) is defined by an i terat ional  p roces s :  
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o~+~ = - x _  v .  u('~Ir. (9) 

Thus a s  funct ions  sa t i s fy ing  the condit ion (8) we can take the se t  

r~ (10) uh(r, e ~ ) = l - - ,  f2k [ l - -0(q0] ,  k = l ,  2 . . . . .  n. 

In i t ia l ly ,  put t ing c< = <,  we obtain [1] 

r e 
u (~ (r, q0)= I - - -  (11) 

We may  now use the d i s t r ibu t ion  u(~ ~) to d e t e r m i n e  the value of the boundary  g r a d i e n t  ~x[lu(~ and thus 
find the p e r i p h e r a l  d i s t r ibu t ion  of u(r ,  cp) in a f i r s t  a p p r o x i m a t i o n :  

O, (q~) = 2~ 1 § , (12) 

whe re  the p r i m e  indica tes  d i f f e ren t i a t ion  with r e s p e c t  to q~. 

In this a p p r o x i m a t i o n  the t e m p e r a t u r e  f ield in a sec t ion  of the rod  is d e s c r i b a b l e  by a l i n e a r  c o m b i n a -  
t ion of a se t  of the funct ions  

f 2 k  

u(k ~) (r, q~) = 1 - - - 7  [1 --0~ (@1. (13) 

The t e m p e r a t u r e  T 1 and the cen t e r  of the rod m a y  be d e t e r m i n e d  f r o m  a ba lance  r e l a t i onsh ip  for  a 
por t ion  of the rod  of unit  length:  

q~ S = - -  )~T; ,~ V.  uO)dZ, (14) 
P 

w h e r e  
�9 q~S 

T I  ~ 2JI ) 

dcp 
f [ 1 - -  O~ (@ , 

o (15) 
n 

k ~ l  / ~ 1  

We note that  in the ease  of a choice  of uk(r ,  rr in the f o r m  (10) 
2g  

Ajh = 2 (] I+ k) - ;  q)jk (r?) d% (16) 

0 

~ k  = 41k (1 - -  0) 2 + ~ : h ,  
(17) 

f' (i - -o)  + o ' ,  �9 j : 2 j ) -  

2g 

Bj ]+1]  S + 2 ( / +  1 ) 1  f 0  ((p) f2 ((p) d% (18) 
0 

If we cons ide r  a l imi t ing  a p p r o a c h  to a cy l inder ,  

= a r 0 / Z  is the Biot  n u m b e r  for  a cy l inder  of r ad ius  r 0. 
and (15) b e c o m e  exac t  so lu t ions  for  ~ = const .  

we can show that  l iana n = 2 / ( 1 - ( 2 / B i ) 2 ) ,  w h e r e  Bi 

In addi t ion,  01 = 2 / B i ,  i . e . ,  the e x p r e s s i o n s  (12) 

We r e m a r k ,  in concluding,  that  the solut ion of the p r o b l e m  c o n s i d e r e d  he re  can even be g e n e r a l i z e d  
to the ease  whe re  the hea t  t r a n s f e r  coef f ic ien t  a is angle  dependent ,  p rov id ing  it is s y m m e t r i c  with r e s p e e t  
to the coord ina te  o r ig in  s e l e c t e d ,  s ince  the t r i a l  funct ions  in the f o r m  (10) have z e r o  d e r i v a t i v e s  a t  the 
point  r = 0. 

T �9 

r and ~o 

N O T A T I O N  

is the t e m p e r a t u r e  a t  the rod  cen te r ;  
a r e  the p o l a r  coord ina te s ;  
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f(~o) 
0(~) 
ot 
8 

. 

is the density of the heat re lease  sources;  
is the thermal conductivity of the rod; 
is the distance from the center to the boundary of the region; 
is the temperature  of the boundary; 
is the heat t ransfer  coefficient; 
is the area of the rod cross  section; 
is the number of the iteration cycle. 
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